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The FeshbacheKermaneKoonin (FKK) multi-step direct (MSD) theory of pre-equilibrium
reactions has been used to compute the single-step cross-sections for some (p,a) re-
actions using the knock-on and pick-up reaction mechanisms at two incident proton en-
ergies. For the knock-on mechanism, the reaction was assumed to have taken place by the
direct ejection of a preformed alpha cluster in a shell-model state of the target. But the
reaction was assumed to have taken place by the pick-up of a preformed triton cluster (also
bound in a shell-model state of the target core) by the incident proton for the pick-up
mechanism. The Yukawa forms of potential were used for the proton-alpha (for the
knock-on process) and proton-triton (for the pick-up process) interaction and several
parameter sets for the proton and alpha-particle optical potentials. The calculated cross-
sections for both mechanisms gave satisfactory fits to the experimental data. Further-
more, it has been shown that some combinations of the calculated distorted wave Born
approximation cross-sections for the two reaction mechanisms in the FKK MSD theory are
able to give better fits to the experimental data, especially in terms of range of agreement.
In addition, the theory has been observed to be valid over a wider range of energy.
Copyright © 2015, Published by Elsevier Korea LLC on behalf of Korean Nuclear Society. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).1. Introduction
The FeshbacheKermaneKoonin (FKK) theory gives a full
quantum-mechanical way of calculating the double-
differential cross-sections of pre-equilibrium nuclearfelix_olise@rushpost.com
sevier Korea LLC on beha
mons.org/licenses/by-ncreactions [1]. The theory considers the reaction as a series of
two-body interactions between the projectile and the target
nucleons. The reaction thus proceeds from very simple con-
figurations to more complex ones with the creation of particle-
hole (p-h) pairs at each stage. The emission of nucleons or(F.S. Olise).
lf of Korean Nuclear Society. This is an open access article under
-nd/4.0/).
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the pre-equilibrium process is divided into the multi-step
compound (MSC) processes where all the particles remain
bound and themulti-step direct (MSD) processes where at least
one particle, usually the incident one but possibly also some
others, remain in the continuum. The MSC reaction cross-
section is symmetric about 90 whereas the MSD cross-
section is forward-peaked, even at low incident energies. The
total reaction cross-section is the sum of the contributions
from both processes and the decay of the fully equilibrated
compound nucleus. The details of the FKK formalism have
been described by Bonetti et al. [2,3] andGadioli andHodson [4].
The FKKMSD theory has been extensively used to calculate
both the angle-integrated and the double-differential pre-
equilibrium cross-sections of nucleon-induced reactions
because it gives an expression for the cross-section that has a
simple convolution structure. This greatly facilitates the
calculation of the first and higher-step pre-equilibrium cross-
sections. Several FKK MSD analyses of the (p,a) reaction to
discrete final states and to the continuum have also been
carried out [4e9]. These (p,a) pre-equilibrium cross-section
calculations have been carried out using either the knock-on
or the pick-up mechanism but not a combination of both
mechanisms. In this work, we compute the single-step con-
tinuum double-differential cross-sections of several (p,a) re-
actions using the knock-on and pick-up reactionmechanisms,
and in addition, combined the two mechanisms in the FKK
MSD theory. Only the one-step cross-sections were calculated
since the two-step and higher-step cross-section contribu-
tions have been reported to be small compared to the contri-
butions from the first stage, which usually account for over
80% of the total MSD cross-sections [3].
The FKK MSD theory gives the double-differential cross-
sections in the continuum for several excitation energies and
transferred angular momenta, l. We used the pre-equilibrium
code named PREX [10] to compute the single-step double dif-
ferential pre-equilibrium cross-sections for (p,a) reactions at
44.3 MeV (using 93Nb, 118Sn, 165Ho and 169Tm as target nuclei)
and 36.5 MeV (using 118Sn and 165Ho as target nuclei) incident
proton energies. These calculations were carried out using the
alpha-particle knock-on and triton pick-up mechanisms. The
extensive experimental data of Ferrero et al. [11] were chosen
for analysis because, at incident energies of 36.5 and 44.3MeV,
there exists a wide outgoing energy region where the pre-
equilibrium contribution is dominant.
In this analysis, it is necessary to distinguish between the
MSD, the MSC and the fully-equilibrated compound nucleus
(CN) contributions. The inspection of the Ferrero data at
44.3 MeV and 36.5 MeV incident proton energies showed that
most of the alpha particles with energies higher than 20 MeV
were emitted in the forward direction and are, therefore, due to
the MSD reaction. Since the MSC contribution as well as that
due to the decay of the compound nucleus give angular distri-
butions symmetric about 90 in the centre ofmass (CM) system,
the subtraction of the cross-sections at complementary angles
will eliminate the contributions from these two processes,
leaving only the MSD cross-section. This subtraction does not
eliminate the contributions from the collective excitations at
the higher emission energies. The extracted MSD cross-
sections may, therefore, be analysed using the MSD theory.In the following section, we briefly review the FKK MSD
theory with particular reference to its application to (p,a) re-
actions using the knock-on and pick-up mechanisms. The
main differences in the calculations for the two reaction
mechanisms are also emphasised. The method of calculation
adopted is presented in the subsequent section. Results of the
analysis of the experimental data are then presented, fol-
lowed by our conclusions.2. Materials and methods
2.1. FKK MSD formalism: knock-on and pick-up (p,a)
reactions
The FKKMSD formalismhas been described by Feshbach et al.
[1] and Bonetti et al. [3]. Here, we give a brief discussion related
to (p,a) knock-on and pick-up reactions. The single-step pre-
equilibrium emission double differential cross-section is
given by Hodgson [12]:

d2s
dUdU

1
¼
X
L
ð2Lþ 1ÞrnðUÞRnðLÞ〈dsdU
DW
U;L
〉 (1)
where rnðUÞ is the n-exciton state level density in the residual
nucleus whose excitation energy is U. It is given by the Ericson
formula [13]:
rnðUÞ ¼
gðgUÞn1
p!h!ðn 1Þ! (2)
The spin distribution function, RnðLÞ, is given by Hodgson
[12]:
RnðLÞ ¼ 2Lþ 1
p1=2n3=2s3
exp
 


Lþ 1 =2
2
2s2
!
; (3)
where n¼ pþh (n¼ 2, for the single-step case) and g is the
single-particle state density [13]. Themean value of g has been
given as [14]:
g ¼ A
13
(4)
where A is the mass number of the target. The spin cut-off
parameter, s, is taken to be 0:24nA2=3 [15]. Lastly, the factor
〈½ds=dUDWU;L 〉 is the first order Distorted Wave Born Approxi-
mation (DWBA) cross-section averaged over all energetically
possible one-particle, one-hole (1pe1h) states in the residual
nucleus that correspond to a particular angular momentum
transfer, L.
For a one-step process, the DWBA expression for the re-
action A(p,a)B for the knock-on and pick-up reaction is given
by Dragu´n et al. [5]:
ds
dU
DW
¼ mpAmaBð2pZÞ2
kaB
kpA
1
2sp þ 1
ð2JA þ 1Þ
X
mpma
MAMB
TA/BDW 2 (5)
where the m s are the reducedmasses and the k s are thewave
numbers. The transition TA/BDW amplitude can be expressed
more explicitly as:
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Z
drpA
Z
draBc
ðÞ
aB ðkaB; raBÞ〈BajV0jpA〉cðþÞpA

kpA; rpA

(6)
where cðþÞpA and c
ðÞ
aB are the distorted incoming and outgoing
waves, rpA and raB are the relative coordinates for the systems
(p,A) and (a,B) respectively, and J is the Jacobian for the
transformation of these coordinates. 〈BajV0jpA〉 is the reaction
form factor with V0 as the effective proton-alpha interaction
potential in the alpha particle knock-on case and the effective
proton-triton interaction potential in the triton pick-up case.
The DWBA cross-sections were calculated using a modified
version of the DWBA code christened DWUCK4 [16], treating
the nucleons as spinless particles.
The final expression for the DWBA cross-sections for a
given (peh) configuration using the knock-on reaction mech-
anism is given in terms of the orbital angular momentum
transfer, L [6]:

ds
dU
DW
f
¼ 2JB þ 1
2JA þ 1
1
2Lþ 1N G
2
fnig4

ds
dU
DW
(7)
where fnig4 represents all the possible combinations of the
four nucleons forming the alpha cluster. The last factor is the
DWUCK4 output, which determines the form of the above
expression. The factor N corresponds to the square of the
fractional parentage coefficient for the dissociation of the
target nucleus into a core plus an alpha cluster. It is absorbed
into the adjustable parameter, W0 which determines the
magnitude of the cross-section. The square of the parameter,
W0 is defined as the product of N and the square of the
strength, V0, of the effective proton-alpha interaction and
therefore contains the uncertainties involved in determining
the two quantities, W0 and N . G2ðfnig4Þ is the spectroscopic
factor for the transition of a fnig4 alpha bound state, corre-
sponding to the orbital and total angular momentum transfer,
L and J, respectively. It was calculated explicitly by themethod
of Ichimura et al. [17]. JB and JA are the total angular momenta
of the target and residual nuclei, respectively.
For the triton pick-up mechanism, the final expression for
the DWBA cross-section is [18]:

ds
dU
DW
f
¼ 2Sp þ 1
2Sa þ 1
k2p
k2a
S lsj
2jþ 1
D20
104

ds
dU
DW
(8)
where the ks and Ss are the wave numbers and the spins,
respectively. S lsj is the spectroscopic factor andD0 is the zero-
range approximation normalization factor. The parameter j
must satisfy j
!¼ J!B  J
!
A, where J
!
A and J
!
B are the angular
momenta of the target and residual nuclei, respectively. The
last factor, like the knock-on case, is the DWUCK4 output.2.2. Method of calculation
In this work, it was assumed that the target consisted of a core
to which a triton or alpha cluster was bound in a shell-model
state [6,19e21]. The clusters were formed from correlated
protons and neutrons residing in states below the cluster
Fermi level. The cluster (alpha or triton) Fermi energy was
taken to be equal to the sum of the constituent nucleon Fermi
energies minus the binding energy of the cluster.The binding energies (Ecluster) of the single particles (triton
for pick-up reaction and alpha for the knock-on case) to the
core of the nucleus are important parameters required to
carry out a microscopic MSD cross-section computation.
These binding energies were calculated using the Seeger shell
model [22]:
Ecluster ¼ A1=3
Xn
i¼1
	
EðiÞ  EðiÞf


 EB (9)
where n represents the number of nucleons in the cluster, EðiÞ
is the energy level where the ith nucleon is situated, EðiÞf is the
Fermi energy level of the ith nucleon, EB is the cluster binding
energy and A is the mass number of the target nucleus.
The nucleons were assumed to occupy the harmonic
oscillator shell-model states. The principal quantum number,
N; the orbital angular momentum quantum number, L; and
the binding energy of the alpha or triton cluster were deter-
mined from the quantum numbers ðni; liÞ and the binding
energies of the cluster nucleons. Assuming the nucleons to be
in a relative “S” quantum state, the radial and orbital quantum
numbers of the alpha or triton cluster were determined from
the harmonic oscillator energy conservation rule:
2ðN 1Þ þ L ¼
X
i
2ðni  1Þ þ li (10)
where ni and li are the radial and orbital angular momentum
quantum numbers for the ith nucleon inside the cluster.
The reaction system was taken to consist of an excited
nucleon-particle and cluster-hole pair. The density of the
alpha-hole states (for the knock-on reaction mechanism) and
the triton-hole states (for the pick-up reaction mechanism)
were taken to be g ¼ A=13 [14]. Using a different value of g has
no effect on the analyses but merely scales the strength of the
effective interaction potential, V0.
The wavefunctions in the form factors for the unbound
states were obtained from the optical potentials. For proton
scattering, the adopted optical potential parameters were
those reported by [23]. The parameters of [24] were used for
alpha particle scattering.
For the bound states (proton and alpha cluster for the
knock-on case and triton cluster for the pick-up case), the real
WoodseSaxon potential, with a radius parameter of 1.2 fm
and diffuseness of 0.6 fm, was used. The binding energies
were used to fix the depth of the real WoodseSaxon potential
binding the particles. The Yukawa potential with a range of
1 fm was used as the effective proton-cluster (alpha or triton
cluster) interaction potential for calculating the form factor.
The DWUCK4 code was included in the PREX code to aid
the computation of the DWBA cross-sections inherent in the
FKK MSD theory. These cross-sections were then processed
according to the FKKMSD theory in the PREX code. The DWBA
cross-sections were averaged over a 5 MeV energy range and
summed over 12 angular momentum transfer values.3. Results
The (p,a) experimental data of Ferrero et al. [11] were trans-
formed into the CM frame as described by Demetriou et al. [25]
Figure 1 e Subtracted double-differential cross-sections for the (p,a) reaction at 44.3 MeV [11] for 93Nb and 118Sn compared
with similarly subtracted single-step FeshbacheKermaneKoonin (FKK) calculations using the alpha knock-on reaction
mechanism.
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those at the complementary forward angles. The calculated
forward excess was then fitted to the experimental forward
excess by adjusting the parameter,W0. We observed, from the
plots, that the knock-on and pick-up calculations are in good
agreement with the experimental data, especially for the in-
termediate and higher alpha-particle emission energies,which correspond to the lower values of the residual nucleus
excitation energies. In general, the angular and energy dis-
tributions of the outgoing particles are well reproduced by
adjusting the only free parameter, the strength of the effective
interaction between the projectile and the target nucleons.
The calculated pre-equilibrium cross-sections in the con-
tinuum for the knock-on and pick-up reaction mechanisms
Figure 2 e Subtracted double-differential cross-sections for the (p,a) reaction at 44.3 MeV [11] for 165Ho and 169Tm compared
with similarly subtracted single-step FeshbacheKermaneKoonin (FKK) calculations using the alpha knock-on reaction
mechanism.
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data (Figs. 1e6). The differences between the theoretical re-
sults and the experimental data are hereby discussed further.
The excess cross-sections at the lower outgoing alpha-
particle energies (10e20 MeV) are attributable to the contri-
butions from the CN processes inherent in the subtracted
experimental data. It has been reported that the MSD cross-sections extracted by the subtraction method still contained
small CN components incorrectly assigned to the MSD cross-
sections even after the CM-to-laboratory transformation had
been carried out [25]. These lower-energy excess cross-
sections may also be due to the contributions from the MSC
processes, which are not included in this work. Though
Bonetti et al. [3] have reported the MSC contributions at
Figure 3 e Subtracted double-differential cross-sections for the (p,a) reaction at 36.5 MeV [11] for 93Nb and 118Sn compared
with similarly subtracted single-step FeshbacheKermaneKoonin (FKK) calculations using the alpha knock-on reaction
mechanism.
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butions cannot be totally ignored. These lower-energy excess
cross-sections may also be due to the cross-section contri-
butions from the higher-step (two-step, three-step, etc.) pre-
equilibrium processes, which were not captured in this
work. It has been reported that the cross-section contributionsfrom the higher steps become more important at incident
energies above 20 MeV [3,26,27] and dominate at the lower
outgoing energies [28,29].
In some of the spectra, some unaccounted excess cross-
sections at the higher outgoing alpha-particle energies
(approx. 40 MeV) were also observed. These cross-sections are
Figure 4 e Subtracted double-differential cross-sections for the (p,a) reaction at 44.3 MeV [11] for 93Nb and 118Sn compared
with similarly subtracted single-step FeshbacheKermaneKoonin (FKK) calculations using the triton pick-up reaction
mechanism.
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lying collective states in the nuclei, a process that is not
captured in the multi-step theory of the pre-equilibrium re-
actions [25,30,31]. Though the higher-step processes domi-
nated at the lower outgoing-energy region, theymay also have
appreciable contributions to the excess cross-sections at thehigher outgoing energy regions. Figs. 1e6 show that the first
step (single-step) cross-sections provided the major contri-
butions (say 80% of the total cross-section) to the MSD pre-
equilibrium emission cross-sections. The extent to which
only the single-step cross-sections fitted the experimental
data shows that the higher-step (two-step, three-step, etc.)
Figure 5 e Subtracted double-differential cross-sections for the (p,a) reaction at 44.3 MeV [11] for 165Ho and 169Tm compared
with similarly subtracted single-step FeshbacheKermaneKoonin (FKK) calculations using the triton pick-up reaction
mechanism.
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additions to the single-step cross-sections. In fact, Koning and
Akkermans [32] estimated the contributions from the higher
steps to be in the range of 10e20% of the total MSD cross-
sections. This is in agreement with the earlier reported
studies [3,6,33].The single-step double-differential cross-sections calcu-
lated at different forward excess angles (30150, 45135
and 60120) for the incident energies and target nuclei
considered in this work were summed and fitted to the
experimental data. The results are presented in Figs. 7e9
below. It is observed that most of the fits obtained from the
Figure 6 e Subtracted double-differential cross-sections for the (p,a) reaction at 36.5 MeV [11] for 118Sn and 165Ho compared
with similarly subtracted single-step FeshbacheKermaneKoonin (FKK) calculations using the triton pick-up reaction
mechanism.
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cially in terms of the range of agreement) than the ones ob-
tained when the knock-on or pick-up contributions were
separately fitted to the experimental data. In most cases, the
fitted sum accounted for the experimental data in the range of
approximately 15e40 MeV alpha particle energy whereas the
individually fitted calculations for the knock-on and pick-upmechanisms only accounted for an outgoing energy range of
20e35 MeV. This improvement is more significant for 93Nb at
44.3 MeV incident energy (Fig. 7), and for 118Sn and 165Ho at an
incident energy of 36.4 MeV (Fig. 9).
The above results show that the FKK MSD theory would
produce better (p,a) results and would be valid over a wider
range of energy if some combinations of the knock-on and
Figure 7 e Subtracted double-differential cross-sections for the (p,a) reaction at 44.3 MeV [11] for 93Nb and 118Sn compared
with similarly subtracted single-step FeshbacheKermaneKoonin (FKK) calculations summed for the alpha knock-on and
triton pick-up reaction mechanisms.
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sections inherent in the theory. Based on the obtained
improvement in the agreement of the summed cross-sections
(knock-on and pick-up) with the experimental data, a modi-
fication of the single-step FKK MSD theory for (p,a) reactions
can be proposed as:
d2s
dUdU

1
¼
X
L
ð2Lþ 1ÞrnðUÞRnðLÞ〈dsk;pdU
DW
U;L
〉 (11)
where 〈½dsp;k=dUDWU;L 〉 are the first order DWBA knock-on and
pick-up cross-sections averaged over all the energetically
Figure 8 e Subtracted double-differential cross-sections for the (p,a) reaction at 44.3 MeV [11] for 165Ho and 169Tm compared
with similarly subtracted single-step FeshbacheKermaneKoonin (FKK) calculations summed for the alpha knock-on and
triton pick-up reaction mechanisms.
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transfer, L. This may be expressed mathematically as:

dsk;p
dU
DW
U;L
¼

dsk
dU
DW
U;L
þ

dsp
dU
DW
U;L
(12)
and all other parameters are as defined earlier in theMaterials
and methods section.4. Discussion
We have investigated the single-step cross-sections of the
(p,a) reaction to the continuum at 44.3 MeV (using 93Nb, 118Sn,
165Ho and 169Tm as target nuclei) and 36.5 MeV (using 118Sn
and 165Ho as target nuclei) incident proton energies. The MSD
component of the experimental data was extracted using the
Figure 9 e Subtracted double-differential cross-sections for the (p,a) reaction at 36.5 MeV [11] for 118Sn and 165Ho compared
with similarly subtracted single-step FeshbacheKermaneKoonin (FKK) calculations summed for the alpha knock-on and
triton pick-up reaction mechanisms.
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pick-up calculations using the FeshbacheKermaneKoonin
theory. The extent to which only the single-step cross-sec-
tions accounted for the total MSD component of the experi-
mental data showed that the higher-step (two-step, three-
step, etc.) cross-section contributions are only very small ad-
ditions to the single-step cross-sections.The addition of the cross-sections calculated for the two
reaction mechanisms (alpha-particle knock-on and triton
pick-up) gave better fits to the experimental data compared to
those obtained when the cross-sections for the individual
mechanisms were fitted to the data. This increased the range
of agreement with the experimental data from approximately
20e35MeV to approximately 15e40MeV; an additional 10MeV
Nu c l e a r E n g i n e e r i n g a n d T e c h n o l o g y 4 8 ( 2 0 1 6 ) 4 8 2e4 9 4494stretch. Hence a modification of the single-step FKK MSD
theory has been proposed for the (p,a) reaction.
Since a combination of the two reaction mechanisms
(knock-on and pick-up) in the FKK MSD theory for the
computation of the single-step pre-equilibrium cross-sections
of (p,a) reactions has yielded better results, it is suggested that
the same method be used to compute the higher-step cross-
section contributions. This will yield better results for the
higher-step cross-sections and hence better fits to the total
MSD component of the experimental data.r e f e r e n c e s
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